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BerTer Gures can make FAULT-ToLerANT Compummion IMpossiBLE: Sy .
(Un%er’l())
')( Freliminaries:
e A gq-lre, is a Bsolean function (i.e. Boolean ;"P“'bs and oul;/xxbs)- I+ s said o be of NOR'EIE?.
p oufput wive £t s a NOR gabe with additiona) MOT
G . gabes ab the inputs ard outpubs.
} # in'wn‘/ wives = dan-in”
'llfu‘b wires N
o A formula is a collechon O'Fgm‘/’és conmected in a _—k_p:g_?_ Each has 4 °V‘{7P‘A7 wire , and
f o,,{;fmbmot we wil consider 3q‘!;€$ with fan-ing2.
Speo;d( ose
of a cireutr Formula
F
inputs zjeaves ﬁm \
/'F'ipover onb. e ng’ma
¢ A gate s E-noisy with eefo> 3] # we apply a BSC(E) fo the outputb. Gv

o A frmula F ith roisy %aﬂbes computes f:.90,F— ';,0>|} with bias ASO0
£ Vxe§0), Vyed (), P(F(e) =0) — F(F(9)= 0) > .
T e P(r):D-PFeO=D)
* Thm: (Phase Transibior) TF al gates fail wp. 2, = 0" 08856, ther faulh ~olerarrt computartion is
not POSS‘HQ-- TFall 3&\4725 foil with the same prob. £<B,, bhen faul -tolerant couml"a'Hon ’s fosSiHe.

# Notabion & Defintions:
e Fix a Boolean function ¥ +that is com,;u&ea’ bg a formula F whose 34{;25 fail ina!e!aenden-kfy.
* Fix an 'mPu‘b bt x;€10,F and all other "Mpu'b bits s.b. -Hipping xX; ‘HfPS the ou‘ﬁpu‘f of £.

— b.
> ﬂueruae, be

* For a wire A nF, wne defive: O Q= -;'Z—H’(9=0174-=o)+—5—0’(/\=017<.-=0)

& s “’(":0”‘€=0)'-P(A=o|vq=n"f‘_h:'_s

71541 = Fierno = Bisin ]

\Wp

. , ) | ‘
 Define o pobertal function, g [051]—> B, 9= Sli-x) + (1-4)8
I b
< 0-023
(«1/ is convex, 249X 50, samyne‘br‘ic arord 7¢;=—2’:>

------- ()

0 + 1

z
o et “extractable 3rr&rmm!?'0n” ofF wire A N '&l?(a) ;€ We '."’.'" exp’o'rb ___LSD Is Jor this.

\__._-_-___.a = = - - Sa
'ProE: (Mono-l;on?c'rba> Fora wire Ay leb g"""“"?‘_ﬂ’(A‘o"‘"o):r(A olu=Nt = a Lz—[ and leb

3 = wag{(A=0%i =0); H’(A:olx.-a)}:wrﬁzzl, o thabh [6a130) = (z—%)i(z%) (: obional func. in %,e).
Let A be ano-l:’ne«r wire W% 3'5 2 defined Simi(ﬂvf%. Thens if ta’s tas 24 g', |8,,.!7,(a)$ \Sa;\q,(ci’)_

PF. Take derivabie & (2,9)F> (@-4)3(2L2) wet yond 2 and check they are non-negeive -

[con'lﬁnueol-]
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%* (Useful Lemmata:

Lemma 1 (SDPI) Consider om e—nois(\j aa%e G with l‘nPu[;s A,B and ou'L-pu& C. Then,

VAstcy, VABC,  [&19(0) € © maflsls@) iy}  [¥]
i-e- o8& 1b,5,}, §¢.5% tmn'f?nahon coeff.

holds in the -F:l[owinﬂ wses
© Alags with 0=1 [0PI]. &

@ IF Gisnot NOR-ype, 3(;_39“184 such that [#] holds.
® Vogr, 304 éfiq{:, * m??wf 152)(a), I8)2(0)} < & wax ] (5a134); 5519(2)}, then [#] holds

(but r forall KB |
Yol , then [#] holds

Ps
&L, # @535 o 186128
@ vs‘?o’ ao£ ’ Of@o‘: i/SO NOR aﬂ{a and ’0—2,?5 or |b"’2'?5 ('bu‘b' ?’\.0": ‘FDY' Q“ P‘\)B,C)_

Hmr %é _——-H-eﬁ %O'6l-

———— —_—

PF: Tedious optimization oFf venl Pofgnomiqls. 7A

HIGE %ak-s\) There 15 & D(317) > O such Yhat the 401low;,%hous:

Lemma 2. (COMPOS;'HOY' o'F Pef-re,f;!?
free NOR aorl:es with npubs Ay Ago output B, ond depth 2D.

Consider o full bi@ﬂé bree oF noise-
ard [Sul<rsg 0 Phen [5n]g(0) & T mexlSalq@)

IF Vlé;é ZZD, lg_allé_'_o_lcB and 15
__L; ic. NOR tree contracts extmctable

$(3vthsds, 4a)= 1= (- 9e)(1-Ysya)
‘ ; - . £ wk cond. prdns
f_'F_-_ Lou.tpub rrab o O é”'f;w‘;:hs,? "F P
inpub Let .f(‘) = -F7 'F(k") @5!34’“) = F(‘F(ﬁ”%“"): 'F(MH:'-"32'¢))¥(M“""5W )7“:(33'4t"""’%"m))'
[5 ol b 50 T composition
Fora NOR ce o depth Zky inpubs YooY & olpub W
Swzl-F(h)('j.-Féz&,.‘.."j"k‘fi’zf_)“- ;F(k)(g\‘ -s-é!r--: 5*-.3_&23:2 . g £ ":M \83?\
P(w =0l =0) Plw=0Yx; = 1) —_—

Nobie that £, £© ave monolone. ncceasing m each $i€[0ri]. So, s, s d) —F 0o 2).
%‘am_i, V‘Oég-,‘...,*é 2434000, $(YorYa) & woridolfadss 4. & £0 @arg) < m{arﬂs}‘)

_C_:_‘_i..Sm;e £ mmensma, we prowe #(5’673:‘6)‘3 €0, which holds because FHyyy) s a Pol(anom‘\ql n a A
Claim 2: VosYo-4ag\, Y520, F(9+5r->8a45)- FH-L:-4a-8) < 4

[ Optimize Polanomials. 3 = "75?); %;B%) N 8""”“[3':--»‘3*}.

Nebce thab (84 Yhooos- 2+ #00)$ 25> and each o; sabishes ai+lial < 242

Claim 1 => Vwires W thot are 2% levels from 'mpu’cs wﬂ;hi?_u’ ws,jb.‘ [3:3 § MMDJWM]

for . . 4. \._'._,,,, £ “’m, yore
[ Sx"}}Clmm2=> Swéq_n(%_\ﬁ%_o)uls\ for w7l levels Kom h\Pv«’os. average of 94,4 §O% VEE (raxymex,.)
Cloi = \ b wola
"2 5w <A (24 o) (k¥ S < % for w 2:(W6) levels fom npus. "‘ﬁeﬁ )

Leb D=17. Th S, % % MX‘S )
— ey .=y a; # ISLI (b)é L IMAX . a; , o 24 <90.

Rorbinved]
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lemma 3: (Blodcs of DepH* D:W) ﬂgve s a consdant OL¥r< ) such that -Forana_
Pormub Q of depth 2D (with aabes of fan-in =2) which has input wires Ases Pz
and ow\TPV('t wire B, and —For‘ evera {di}, {Sa.} on A;, blé erbhex Se-Hﬁna all noise
vobes +o O, or se%"ng all_noise mates 4o f3,,] we have: b

I%b )?,(b) Tt miax lgai\ 3(0;) ) disb. oFf Ay

&

PF: C_Lmi_(.s.ﬁ";‘""*ﬁ “"derﬂisé_NQE) Consider a Py noisy NOR %q-lae where ‘mFu{/’ wires
O vy (Augz and oq-bpu—lrwire is O wp Ys® 623‘\31 +("'B’)("3'31)- De:Flne

are indep'ly

= - A 43z

o o S gyt Ten, o € peBtl
B Compe gty == Jad<® B

04 &4\, there is & O€ <) sb.

Claim 2: (fhouqh 1o find one “bad” wire.) Mﬁ’/ —
i V== & there

for every Jormua Q and evey jak, §5ait on A, when all 3::-!7&5 ave (-10isY
with 150]g) & & X |54:19 @) 5 then 151) g ()4 7 "7 18l 9(@:).

no oFga!;'es bedween wire W and wive B (uwbrmb) .

is a wire W

PF: Lok depth(W) =

[indu{-ﬁon] TInductive Hﬁeabkesfs:
Base case. TP depth(W)= 0, then W=B and

)
Tnductive sbep: Consider a wive N et oiclo‘H'\ it
U

T depth(W) € j, then claim is brue.
we have o'=%. The claim is txue here.

o g ¢ © e {8ail90)

Consider gate 01 , where w@ [Lemma 11].
[;g'_;] 'Lmqm.llz e for all wives in
covy=sf- torskin Lemma 3 .
oY % 30»;9(&], [Su[q[u:; £6 Isvlg(v) & © mic\k'l&xiqual)
Vg © M 50\ 9/@0)

1% [sulgtm) ¢ [Sl90) /2, the
using Mf’ P2 Loty 1502 then (530S [Eulol

wsing Lewoma L1 Hence, we hawe:

20<0< |, 1896 © woX (8ai 9
Since o'ep'ﬂ;(U)=j, l;.g induchve hggo’H!e-st, we
b ue claim2 t lemma 4

We now com lete the Proo'F o Lewma 3 La cases -
P N o e
() If ome gate in Q s nob of NOR-wpe, then seb all noise yates © O .
There l'sua wire W s:b. [SN\%(N) < M \8ai19@) where

[ ewma 3 Sollows 4rom Claim 2.
Ym”: Fach caa’be ‘e NOR with Poss‘olale_

@ All qates i Q) are wg'bjﬂf' P Q in b onical B

NoT;v‘._n the inputs on'g,. Oubpuct 3a{7e mag have NOT af output- Tnpub 30\'1725 have ho NOTs b mpubs-
Ve deps on 5‘1{0—6 M\lo'ﬁ»

Qa

@) -
Proue 'H'\S c‘iaim -FD'(' . w

O s %‘Nen ba, Lewwer 2.

sinal'e value

SuPFO% di S.'{7- la;-;’é]s ‘-6\5‘6 gr_\d_ lga‘lé-‘—é-o—a Is _):\_glb_'bue, (s.‘*vdu)
Y06 "-:“\Sa;\‘i,@i) where © s guen

Consider 80{38 G sb. _ Then, S 9

Lemita Ik shen ol moise vabes are seb * by
L o wse daim 2 + lewmma i

Lewma 3 follows from Claim 2.

[conbinu ed.]
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PF cont'd:
So; all ga%es n B (aznonical ‘G)"“) are. NOR- fpe, and Vi, \ai—f’ = To')55 ad  [54;) & TOOOL.*]

@) Suppose all gates ae NOR gates. Set all noise _rates to O. Lemma 3 follows Fom Lermma 2
Ly uses D=17 «— k "'_/__""

@ There is a ﬂa-l,—e, G, which s NOR with at least one NOT in ibs inpwbs.
W

] Assume WLOG that the -Formm(a s a mma\e-l;g
G}Gn binw&-breea’FNORgE{-es below D-.

Df

o For amy inpu'b A; of the NOR tree,

A_ 2 A
R NOR ?w W(AJ=O,Z'- . 0);][1 Jooo’ x"'w‘%'o‘]g[s,t]

inputs 7 of NOR tree % D’(D"’O,xi 30) 6[3, 'b] }93 Clam 1.
Likewse, F(D=0lx=1)€fs,4] = de[s,+] = = I-d S\-5 < => - 2] > 55 -

By Lemma -40), [Sul3(»)< © ¥ [8algl) where b?sbgwen by Lemma I-4(b).

Tdep.s only on §= —L— (sirgle value
Lemma 3 Hollows from Claim Z, where we setb ql| no'bsdeeprbrb'eé -(:oBz(.OUO S u)

Remark: - z

Cine the © values n cases 0,@,@ ove sinale choices, the correspond,'ng ¥ volues
ave. single- choices. Hence, universal ¥ sib. Levemal 3 holds.

_L_":'_"_"_"LA_"_‘ (C""'E"‘““‘bd) Lemma 3 holds Jor some noise rmabe 0% Q< B, . [ﬁ%ﬁ:ﬁi’g&km{,}
PE: For dormula Q, Spand b are polyromials of the noise rabe €.
On n ity that [2 5 (b)] < Jor sowre Mn;VérSa) wnstant C>O.
e @ verrpy _ ["_a%— < C o n

83 mean value -bheoreLn_, Lermma 4 ;0"0"“5 from lemmwa 3. 72

% Main Resulb

& Thn: There is a O 0,48, sk, for any ASO, there are Boolean Junctions £ s .
no formula F computes P with blas A>0O i+ the noise..mbes of the ﬂa(fes -,,'., )
F are cl\oSen “aduefsa'ridnav {'\Yo‘m {O, Otz}, -Em-m-...’.l

L

Proof: Fix D=17 fom Lemma 2, and 05,7 from Lemma 4. Choose ferah BT £

Fx a Boolean funchion F that depends on ab least 222)') ?nPu’h- ;-be-{!: F{; be a*'{"f:rmilq o L‘;""P“[EE
fr Since feminél, of be be the olep-H'\ of W= out‘pub wire-) There s east _one. inpu varigble %Z;
oy let the GlGFH" @a:ga ) ; ; i .
hif;Tﬁn (,_.,h;c}\ £ depends or\gs:b. all inpub wives Gl""d"'\a ; have e m?w%é;?h %ayﬁ%dufqﬂplbp'xb brbs‘
cbdph <TD, (4 phing '5; s the oubpub oF F- e i ke cnsp. s e % L
?-3‘.2 m:&u WLOG, assume Hhat Fis 4__‘@‘_‘_’. },;m,-a tree up-ﬂo aLan\ 24D "~ a:tl A, dumm sublree. of NOR aal'es

in bree forall
pus. ’ Choose o1& wle €10, ola¥ for each subbree & st Lemmaq

y  indues o conbraction by §. assumed
s s, |5lg6) < 7% P Palge) € SOV LA S 1BI<S -
“.';'i' £l £50 ‘(51;;60 3“";1' ,_-:_-1:&$-ll==
Hence, 3xe8 04660, o, PO-0b=O) PO-0Ix=)<Z - g
o el FF=0) W) [THE END]



